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Abstract 
This paper presents a new method to solve the crop-invariant problem of an invariant wavelet, RSTXIW, which is 
a rotation- and scaling- and translation- invariant. Based on the feature points and second moments of the signal and 
based on a scale function of Daubiechies wavelet, we renormalize a signal in the function space. By using the feature 
points to divide the signal into several parts and by applying cluster analysis, we can correctly calculate the whole 
second-order moments of the cropped signal. Then  we can obtain the crop-invariance of the renormalized signal, 
tested by some experiments. 
© 2011 Published by Elsevier Ltd.  
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1. Introduction  
IT is well known that the conventional discrete wavelet transform (DWT) of a digital signal is sensitive 
to the location[1], scaling and rotation of the signal. This drawback can bring serious problems. To deal 
with this shift-invariant problem of DWT, some methods in the literary have been proposed as follows. 
Cohen et al.[2] and Liang et al.[3] calculated the wavelet transforms for all circular shifts and selected the 
“best” one that minimized a cost function. Kingsbury[4], Toda et al.[5] constructed translation- invariant 
complex wavelets with the Hilbert transform pairs. Victor et al.[6] provided an affine invariant wavelet 
transform that is obtained by blindly normalizing the affine distorted signal replica to a prototype signal. 
However, the orientation of the renormalized signal is determined by searching all angles from 0 to 2Pi 
and its scaling errors are large. Different from the above methods, Xiong et al.[1] proposed a translation- 
and scale-invariant discrete wavelet transform, based on a Daubechies wavelet[8], by renormalizing the 
original signal in the function space with geometrical moments. However, the problems of large error and 
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non-invariance to rotation exist in their method. To solve them, Huang et al.[7,9] provide a rotation- and 
scale- and translation invariant wavelet, i.e., RSTXIW. But, the methods provided by Huang et al. and 
Xiong et al. have a common drawback, a large error between the cropped renormorlized signal and its 
reconstructed signal in the function space, i.e., which is not crop-invariant. The main aim of this paper is 
to solve it 
This paper is organized as follows. In Section II, based on feature point we define a new invariant 
wavelets FXIW. And based on FXIW and cluster analysis, we define another invariant wavelet CFXIW to 
solve the crop-invariant problem. Section III presents some experiments to test the invariance of XIW, 
FXIW and CFXIW. A conclusion is drawn in the last section. 
2. Rotation- and scaling- and translation- and crop- invariant Wavelet  
2.1. Feature based rotation- and scaling- and translation- invariant wavelet
Xiong et al.[1] and Huang et al.[7,9] present a translation- and scaling-invariant wavelet algorithm 
(XIW) based on the Daubechies wavelet function according to centroid and its second-order moments. 
Here, we generalize it by replacing centroid with any point, generally, with a robust feature point. 
Suppose an orthogonal wavelet function ( )xψ , its corresponding scale function ( )xφ , non-zero continuous 
signal ( ) 0f x ≥ , and any point fc , we have, 
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The proof is similar to Thererom 2.1 in the paper[1]. We call these wavelets coefficients are the 
moment invariant wavelet(MIW) coefficients , for short, MIW coefficients.  
Definition 2.1 For any ( ) 0f x ≥  with , ff cσ  and  a point fc , we call 
0
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the renormalized signal in the function space 
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the function space
0
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According to the wavelet approach theory, if a continuous function is projected onto an appropriate 
space, the error between it and its approach can be small enough. Neglect the first part of the right of the 
equal mark in equation (2), and only take the projection of ( )f t  on 
0
, ff c
jV , we have as follows. 
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This indicates that, after having been decomposed by theorem 2.1, the renormalized signal ( )sf x  in 
0
, ff c
jV  can be approximatively reconstructed by equation (5).  
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Although the above theories mainly consider one dimensional continuous signal, we can easily extend 
them to the case of 2-D signal. In practice, for a discrete signal such as a digital image, we can exploit the 
fast algorithm[1] of the theory based on theorem 2.1. From the above invariant wavelet theories, we have 
the feature point based Xiong’s invariant wavelet (FXIW), which decomposes a signal by theorem 2.2 and 
obtains MIW coefficients by corollary 2.1 and reconstructs the renormalized signal by corollary 2.1. We 
call the FXIW is XIW [1,7,9], if replace fc  with centroid. 
After having binarized an image and detected its edge, we can ascertain the rotation angle of the image 
by exploiting Hough transformation. So we can obtain the rotation- and scaling- and translation-Xiong’s 
invariant wavelet(RSTFXIW) by rotating the image the inverse rotation angle[7,9].  
2.2. FXIW based on cluster analysis—CFXIW 
It is known that the conventional DWT is crop-invariant, i.e., the differences are zero between DWT 
coefficients of the original signal and of the cropped signal except the cropped data. We can also say it 
crop-invariant if the reconstruction of DWT coefficients of the origin signal is almost equal to of the 
cropped signal except cropped data. However, XIW is not so. This is because when a signal has been 
cropped, its centroid and second central moment vary. Subsequently, coefficients of XIW vary also. For 
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example, suppose an original image I1 in Fig.1(a) is a renormalized signal in 
f
jV  and the image I2 in 
Fig.1(b) copied from image I1 that has been cropped. The black parts are the cropped data. We know that 
the DWT coefficients of I2 are the same as of I1 except the cropped data. However, the XIW coefficients 
are not so. To solve this problem, according to FXIW, we don’t replace 
fc  with centroid but with a 
feature point in theorem 2.2, such as SIFT[11] feature point, which is robust even if a signal has been 
changed seriously by geometric deformations. However, the 
f
m  in equation (1) still varies, and the 
( ) /
f
f x m  varies also even if ( )f x  doesn’t. The probability ( ) /
f
f x m  and the cropped data make the 
whole second moments of a signal vary. So we cannot calculate them directly. A feasible way for 
correctly calculating the whole second moments of the cropped signal can be as follows: (1) detect one 
feature point according to SIFT algorithm[11], such as a detected feature point A in Fig. 1(d) and its 
corresponding feature point A’ in Fig. 1(e), (2) divide the signal into four parts, including left-upper part, 
right-upper part, left-lower part, right-lower part of the feature point, for example in Fig.1(d), the 
coordinates a and b of point A divide  the I1 into four parts, P1,P2,P3,P4, (3) compute five second 
moments of axis X (or Y) according to equation (1), including all local second moment of the above four 
parts and the whole second moments of the whole signal, expressed as 1 1 1 1 11 2 3 4 5 1, , , ,
I I I I I
P P P P P Iσ σ σ σ σ = , (4) 
compute the ratio of second moment of corresponding parts between the original signal and the cropped 
signal  that may be scaled, 1 2'/ , 1,...,5i
I I
i Pi Pr iσ σ= = , (5) according to cluster analysis, we can find the best 
one among these ratios in step (4) and select it as the scaling factor, then we can get the whole second 
moment of the cropped signal by multiplying this ratio and the whole second moment of the original
signal, (6) decompose or reconstruct the cropped renormalized signal according to FXIW. This procedure 
method for solving the crop-invariant problems is called CFXIW algorithm. In order to more accurately 
calculate the whole second moments and reduce error of CFXIW, we can select more than one feature 
point, as shown in Fig.1(f), to divide the signal into more parts. 
Fig. 1. (a) original image I1; (b) image I2 cropped from I1; (c) image I3 cropped & scaled from I1; (d) I1 is divided into four parts 
by point A; (e) I3 is divided into four parts by point A’; (f) I3 is divided into four parts by feature points A’ & B,respectively
3. Test the translation- and scale- and crop-invariance of XIW, FXIW and CFXIW 
In order to compare the invariance (excluding the rotation-invariance of RSTFXIW, whose 
experiments are in paper[9,10]) of XIW, FXIW and CFXIW, we first get I0 by changing the resolution of 
an image and embedding it in a black frame image in size of 256×256 pixels. Then reconstruct a 
renormalized image IC in space 6
CI
V  according to XIW[9], and detect feature points from Lena image IC
by using SIFT[11] algorithm and select the 50th (as fc ) and the 290
th feature points. After that, perform 
FXIW twice on IC to get another renormalized image IF in 
,
6
F IF
I c
V . We need to save the both feature points 
of messages, including their positions and descriptors, and the local moments of every part and the whole 
moments of the original signal of IF (or the cropped signal I’F) about every feature point respectively. 
3.1. Compare the translation- and scaling-invariance of XIW and FXIW and CFXIW 
a’
b’
A’
a’
b’
A’
c
d
B
I3 I1 I2 
b
A
a
(b) (c) (d) (e) (f)(a)
P1 P2
P3
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Fig. 2 shows four Lena images IC (or IF) in different size(Fig. 2(a)～(d)) at different location,  and their 
corresponding PSNRs. These PSNRs in Fig. 2(e) are calculated as follows: (1) for (calculating PSNR of) 
XIW, when the images (scaled from IC) of size is restored to 256×256 with XIW, PSNRs are calculated 
between original image IC and the just restored one, (2) for FXIW and CFXIW, when the images (scaled 
from IF) of size is restored to 256×256 with FXIW or CFXIW respectively, PSNRs are calculated 
simillarily, (3) for bicubic, when the images (scaled from IF or IC) of size is restored to 256×256 with 
bicubic interpolation method according to the given scaling factors, a pair of PSNR are calculated 
between Lena image IC(or IF) and the restored image, and the average of this pair of PSNRs is the final 
PSNR, (4) for bilinear and nearest, their PSNRs are calculated according to step (3). Fig. 2(e) shows that 
similar are the translation- and scaling-invariances of XIW, FXIW, and CFXIW. 
About the translation- and scaling-invariance of the above methods, we have some explanations as 
follows: (1)as for XIW, if we present the integer number 6 as an input parameter, the XIW can adaptively 
restore the scaled image to the renormalized signal in 6
f
V ; (2) for CFXIW and FXIW, if we give the 
integer number 6, the SIFT feature points (including their properties, such as locations, descriptors) and 
all second-order moments as input parameters, they also can adaptively restore the scaled image to the 
renormalized signal in 
,
6
ff c
V ; (3) for bicubic, bilinear and nearest interpolation methods, when we restore 
the size of the scaled images to 256×256, we must give the scaling factors of the scaled images, i.e., they 
have no adaptive scaling-invariance. Here, they are only for references of CFXIW and FXIW. 
Fig. 2. (a) original image IC (or IF); (b)~(d) scaled images at different location; (e) PSNRs according to different methods 
3.2. Compare translation- and scale- and crop-invariance of XIW, FXIW and CFXIW 
Fig. 3 shows four Lena images I’C or I’F [from IC or IF that is cropped with a rectangle of size 65×82, in 
different size (Fig. 3(a)~(d)) at different location] and their corresponding PSNRs in Fig.3(h), and several 
different sorts of images (size in 206×206) cropped with a rectangle of size 65×82 and their 
corresponding PSNRs in Fig. 3(i). The PSNRs in Fig. 3(h)~(i) are calculated according to section 3.1. 
Here the cropped image I’C (or I’F ) in size of 256×256 is the original image. Fig. 3 shows that XIW lacks 
of crop-invariance, the crop-invariance of FXIW  is the poorest, the bicubic method is the best, and the 
bilinear and CFXIW are better. However, the CFXIW method has an adaptive scaling-invariance, while 
the bicubic and bilinear methods don’t have it. 
4. Conclusion 
This paper provides a new method to solve the crop-invariant problem of an invariant wavelet, 
RSTXIW(or XIW), which is (rotation- and) scaling- and translation- invariant. Based on the feature 
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(c) 230×230 (d) 156×156
(e) PSNRs between (a) and the restored images of (b)~(d) 
according to different methods 
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points and second moments of the original signal and on a Daubiechies wavelet, we renormalize a signal 
in the function space. By using the feature points and by applying cluster analysis, we present the CFXIW 
method to obtain the renormalized signal that is proven to be scaling- and translation- and crop- invariant. 
Fig. 3. . (a)～(d) are cropped images in different sizes; (e)～(g) different sort of images cropped with a rectangle of size 65×82; (h) 
PSNR between (a) and the restored image of (b)~(d); (i) PSNR between the restored image of (e)～(g)  etc. and their original image 
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